In 1975, P. Erdős
Introduction
Let f (n) be the maximum number of edges in a graph on n vertices in which no two cycles have the same length. In 1975, Erdős raised the problem of determining f (n) (see Bondy and Murty [1] , p.247, Problem 11). Shi [11] proved a lower bound.
Theorem 1 (Shi [11] )
for n ≥ 3.
Chen, Lehel, Jacobson and Shreve [3] , Jia [4] , Lai [5, 6, 7] , Shi [13, 14] obtained some additional related results.
Boros, Caro, Füredi and Yuster [2] proved an upper bound.
Theorem 2 (Boros, Caro, Füredi and Yuster [2] ) For n sufficiently large, f (n) < n + 1.98 √ n.
Lai [8] improved the lower bound.
Theorem 3 (Lai [8] ) Let t = 1260r + 169 (r ≥ 1), then f (n) ≥ n + 107 3 t + 7 3
for n ≥ 2119 4
Lai [5] proposed the following conjecture:
a i where a i is a nonnegative integer. Shi [12] posed the problem of determining f (a 1 , a 2 , · · · , a n ) which extended the problem due to Erdős, it is clear that f (n) = f (1, 1, · · · , 1). Let g(n, m) = f (a 1 , a 2 , · · · , a n ), a i = 1 for all i/m be integer, a i = 0 for all i/m be not integer. It is clear that f (n) = g(n, 1).
In this paper, we obtain the following results.
for n ≥ ( 
Theorem 6 Let t = 1260r + 169 (r ≥ 1), then
for n ≥ 
m − 1)t + 1. n ≥ n t . We shall show that there exists a graph G on n vertices with n + (k + s 1 + 2s 2 + 1)t − 1 edges such that all cycles in G have distinct lengths and all the lengths of cycles are the multiple of m. Now we construct the graph G which consists of a number of subgraphs:
Now we define these B i s. These subgraphs all only have a common vertex x, otherwise their vertex sets are pairwise disjoint. 
Based the construction, B s 1 t+i contains exactly three cycles of lengths: x and k paths sharing a common vertex x, the other end vertices are on the cycle C s 1 t+s 2 t+i :
As a cycle with k chords contains
cycles of lengths:
B 0 is a path with an end vertex x and length n − n t . Other B i is simply a cycle of length mi.
Then g(n, m) ≥ n + (k + s 1 + 2s 2 + 1)t − 1, for n ≥ n t .
This completes the proof. , n ≥ n t . We shall show that there exists a graph G on n vertices with n + edges such that all cycles in G have distinct lengths. Now we construct the graph G which consists of a number of subgraphs:
), i = 32t + j − 60(58 ≤ j ≤ t − 742)). Now we define these B i s. These subgraphs all only have a common vertex x, otherwise their vertex sets are pairwise disjoint.
, let the subgraph B 22t+i consists of a cycle Based the construction, B 22t+i contains exactly three cycles of lengths:
, let the subgraph B 23t+ +i contains exactly three cycles of lengths: B 0 is a path with an end vertex x and length n − n t . Other B i is simply a cycle of length i.
, for n ≥ n t .
This completes the proof.
From Theorem 6, we have
which is better than the previous bounds √ 2 (see [11] ), 2 + 7654 19071 (see [8] ).
Combining this with Boros, Caro, Füredi and Yuster's upper bound, namely Theorem 2, we get If m = 1, 1 ≤ i ≤ t, there exists the subgraph similar to B s 1 t+s 2 t+i consists of a cycle C s 1 t+s 2 t+i and k paths sharing a common vertex x, the other end vertices are on the cycle C s 1 t+s 2 t+i such that all cycles in B s 1 t+s 2 t+i have distinct lengths, then we could obtain lim inf n→∞ f (n) − n √ n > √ 2.444 > 2 + 40 99 .
But we only for m = 1, 58 ≤ i ≤ t − 742, construct a subgraph similar to B s 1 t+s 2 t+i consists of a cycle C s 1 t+s 2 t+i and ten paths sharing a common vertex x, the other end vertices are on the cycle C s 1 t+s 2 t+i such that all cycles in B s 1 t+s 2 t+i have distinct lengths and obtain lim inf n→∞ f (n) − n √ n ≥ 2 + 40 99 .
We make the following conjecture:
